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Let C(X, Y ) be the set of all continuous functions from a topological space X into
a topological space Y . We ﬁnd conditions on X that make the Isbell and ﬁne Isbell
topologies on C(X, Y ) equal for all Y . For zero-dimensional spaces X , we show there is
a space Z such that the coincidence of the Isbell and ﬁne Isbell topologies on C(X, Z)
implies the coincidence on C(X, Y ) for all Y . We then consider the question of when the
Isbell and ﬁne Isbell topologies coincide on the set of continuous real-valued functions.
Our results are similar to results established for consonant spaces.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
By space we mean a topological space, with no assumption of separation, unless otherwise noted. In this paper we
consider various topologies on the set C(X, Y ) of continuous functions between two spaces X and Y . The most well-
known topologies on C(X, Y ) we consider are the compact-open (k), Isbell (is), and natural (T (c)) topologies. The natural
topology is also widely known as the ﬁnest splitting topology. We use the notation T (c) for the natural topology because
the natural topology is the topological modiﬁcation of the continuous convergence c. In [8], the ﬁne Isbell (T (c+)) topology
on C(X, Y ) was deﬁned and used to answer some questions concerning when the Isbell topology on C(X, Y ) is the natural
topology. We use the notation T (c+) for the ﬁne Isbell topology because it is the topological modiﬁcation of the continuous
convergence c+ on the upper semicontinuous set-valued functions. The ﬁne Isbell topology also appears when considering
the separate continuity of translations on C(X,R) with the Isbell topology, see [3]. In general, we have
Ck(X, Y ) Cis(X, Y ) CT (c+)(X, Y ) CT (c)(X, Y ).
If the compact-open topology and Isbell topology on C(X, Y ) coincide, we say that X is Y -consonant. If the natural topology
and Isbell topology on C(X, Y ) coincide, we say that X is Y -concordant. If a space X is both Y -consonant and Y -concordant,
it is said to be Y -harmonic. We say X is consonant, concordant, or harmonic provided that it is Y -consonant for all Y ,
Y -concordant for all Y , or Y -harmonic for all Y , respectively. A good resource for further information on these concepts
is [6].
Let S stand for the Sierpin´ski space. The following proposition connecting consonance and R-consonance follows from [1]
and [3].
Proposition 1. The following conditions are equivalent:
(0) X is consonant,
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(2) X is S-consonant.
Moreover, if X is completely regular, then conditions (0)–(2) are equivalent to X being R-consonant.
This paper is primarily concerned with ﬁnding conditions under which the Isbell topology and the ﬁne Isbell topologies
on C(X, Y ) coincide. In particular, we are aiming for a result like Proposition 1. Theorems 6 and 7 in Section 3 of this paper
together give a version of Proposition 1 for zero-dimensional spaces. The spaces we are looking for turn out to be closely
related to the infraconsonant spaces introduced in [3] and some of these connections are investigated.
The search for the conditions mentioned above led to the following question, which has its own interest. Let X and Y
be spaces. The standard subbase for the Isbell topology is given by the collection of all subsets of C(X, Y ) of the form
{ f ∈ C(X, Y ): f −1(V ) ∈ C} where C runs over all compact families on X and V runs over all open sets in Y . What happens,
if in the deﬁnition of the Isbell topology, we let V run over all open sets in a ﬁxed base for Y ? This question came up in a
discussion with Frédéric Mynard. Certainly, the resulting topology is as coarse as the Isbell topology. We will see that it can
be strictly coarser, even when Y = R and the base is the collection of all open intervals.
2. Preliminaries
We denote the non-negative integers by ω. For a product of two sets X and Y we let πX and πY stand for the usual
projections of X × Y onto X and Y , respectively. A ﬁlter on a set X is a collection F of nonempty subsets of X that is
closed under ﬁnite intersections and supersets. Given a nonempty family of ﬁlters {Fα: α ∈ I} we denote the ﬁnest ﬁlter
coarser than every ﬁlter in the collection by
∧
α∈I Fα . If F is a ﬁlter in a topological space we deﬁne the adherence of F
by adh(F) =⋂F∈F cl(F ). For a set X we let P(X) denote the set of all subsets of X . Given two families of sets C and D
on X , we deﬁne C ∨D = {C ∩ D: C ∈ C, D ∈D}.
Let f : X → P(Y ) be a function. By the graph of f we will mean the set {(x, y) ∈ X × Y : y ∈ f (x)}. To avoid excessive
notation, we will identify functions with their graphs. In particular, single-valued functions will not be distinguished from
singleton-valued functions. Given S ⊆ X we deﬁne the restriction of the function f to S to be the function f |S ∈ C(X,P(Y ))
deﬁned by ( f |S)(x) = f (x) if x ∈ S and ( f |S)(x) = ∅ when x /∈ S . Given H ⊆ X we deﬁne the image of H under f to be the
set f (H) =⋃x∈H f (x).
Given A ⊆ X we let A+ = {Y ∈ P(X): Y ⊆ A}. Suppose X is endowed with a topology T . By the upper topology on
P(X) we mean the topology with base {U+: U ∈ T }. We denote P(X) with the upper topology by P+(X). A function
f : X →P(Y ) is upper semicontinuous provided that f ∈ C(X,P+(Y )).
A family B of open sets is compact provided that it is closed under open supersets and for every B ∈ B and open cover U
of B there is a ﬁnite V ⊆ U such that ⋃V ∈ B (compact families are also known as Scott open sets). A compact family F
of open sets is said to be compactly generated provided that for every F ∈F there is a compact K ⊆ F such that every open
superset of K is an element of F . It is shown in [1] that X is consonant if and only if every nonempty compact family on X
is compactly generated.
A convergence ξ is a relation between the elements of a set X and the ﬁlters on X (if x ∈ X and a ﬁlter F on X are
related, we write x ∈ limξ F ) such that the following axioms are satisﬁed for any x ∈ X and ﬁlters F and G on X :
(a) x ∈ limξ {x} for every x ∈ X and
(b) limξ F ∩ limξ G = limξ (F ∧ G).
Note that there are a number of variants of the condition (b) in the literature. It is easy to verify that if one begins with
a topological space the symbol lim (taken in the sense of topological limit) satisﬁes axioms (a) and (b) of a convergence
space. So, the convergence spaces include the topological spaces.
Let X be a set equipped with a convergence ξ . By the topological modiﬁcation of (X, ξ) we mean the topological space
(X, T (ξ)) where T (ξ) is the topology whose open sets are precisely those sets U such that for any x ∈ U and ﬁlter F on X
if x ∈ limξ F , then there is an F ∈F such that F ⊆ U .
The continuous convergence on C(X, Y ) is the convergence ξ deﬁned by g ∈ limξ F if and only if for every x ∈ X and
neighborhood V of g(x) there is a neighborhood U of x and an F ∈F such that f (u) ∈ V for every u ∈ U and f ∈ F .
The continuous convergences on C(X, Y ) and C(X,P+(Y )) will be denoted by c and c+ , respectively. If Z is a subspace
of P+(Y ), then we denote C(X, Z) with the subspace topology from CT (c+)(X,P+(Y )) by CT (c+)(X, Z).
The natural topology on C(X, Y ) is the ﬁnest topology on C(X, Y ) such that the transpose map t :C(W × X, Y ) →
C(W ,C(X, Y )), deﬁned by t( f )(w)(x) = f (w, x), is well deﬁned for any space W . The following proposition is an im-
mediate consequence of the fact the continuous convergence is the ﬁnest splitting convergence. See, for example, [4] or [5].
Proposition 2. T (c) is the natural topology on C(X, Y ) and T (c+) is the natural topology on C(X,P+(Y )).
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exist open sets W and V such that x ∈ W , N(x) ⊆ V , and W × V ⊆ M . Given H ⊆ X × Y and J ⊆P(X) we let
[J , H] = { f ∈ C(X,P+(Y )): f | J 	 H for some J ∈ J }.
Let Z be a subspace of P+(Y ). The ﬁne Isbell topology on C(X, Z) is the topology generated by the subbase of sets of the
form [J , H] ∩ C(X, Z) where H ⊆ X × Y is open and J is a compact family on X . It is shown in [8] that the ﬁne Isbell
topology on C(X,P+(Y )) is the topological modiﬁcation of c+ for any spaces X and Y . The Isbell topology on C(X, Z) is
the topology generated by the subbase of sets of the form [J , X × V ] ∩ C(X, Z) where V ⊆ Y is open and J is a compact
family on X . We denote C(X, Z) with the Isbell topology by Cis(X, Z). The compact-open topology on C(X, Z) is the topology
generated by the subbase of sets of the form [{K }, X × V ]∩ C(X, Z) where K ⊆ X is compact and V ⊆ Y is open. We denote
C(X, Z) with the compact-open topology by Ck(X, Z). Notice that Ck(X, Y ) and Cis(X, Y ) are exactly the compact-open and
Isbell topologies as they are usually deﬁned, when we identify Y with the subspace {{y}: y ∈ Y } of P+(Y ).
The following proposition relating the compact-open, Isbell, and ﬁne Isbell topologies on C(X,P+(Y )) is from [8].
Proposition 3. Ck(X,P+(Y )) Cis(X,P+(Y )) CT (c+)(X,P+(Y )). Moreover, if X is consonant and regular, then Ck(X,P+(Y )) =
CT (c+)(X,P+(Y )).
3. Results
We begin with a preliminary result, proved in Section 4, that will be used in the proofs of our main theorems.
Theorem 4. Let X and Y be spaces, Z ⊆ Y and τ stand for the Isbell or ﬁne Isbell topology. Cτ (X,P+(Z)) is equal to C(X,P+(Z))
with the subspace topology from Cτ (X,P+(Y )).
Identifying Y with the subspace {{y}: y ∈ Y } of P+(Y ), we see that Cτ (X, Y ) is a subspace of Cτ (X,P+(Y )) when τ is
the Isbell or ﬁne Isbell topology. So, we have the following corollary.
Corollary 5. Let X and Y be spaces, Z ⊆ Y and τ stand for the Isbell or ﬁne Isbell topology. Cτ (X, Z) is equal to C(X, Z) with the
subspace topology from Cτ (X, Y ).
In Section 5 we characterize the zero-dimensional spaces X such that Cis(X, Y ) = CT (c+)(X, Y ) for all spaces Y . We say
a space X is compact family splittable if for every compact family C on X and open sets U1, U2, if U1 ∪ U2 ∈ C , then there
exist compact families C1 and C2 such that U1 ∈ C1 and U2 ∈ C2 and C1 ∩ C2 ⊆ C . Let M denote the topological space with
underlying set {0,1,2} and topology {∅, {2}, {1,2}, {0,1,2}}.
Theorem 6. Let X be a space. Each of the following conditions implies the next:
(a) X is compact family splittable,
(b) CT (c+)(X,P+(Y )) = Cis(X,P+(Y )) for every space Y ,
(c) CT (c+)(X, Y ) = Cis(X, Y ) for every space Y , and
(d) CT (c+)(X,M) = Cis(X,M).
If X is zero-dimensional, then conditions (a), (b), (c), and (d) are equivalent.
In Section 6 we prove a version of Theorem 6 for completely regular spaces. To state our result we will introduce some
new topologies. Let X and Y be spaces and J be a base for Y . By J is we denote the topology on C(X, Y ) whose subbasic
sets are of the form [C, X × J ], where C is a compact family on X and J ∈ J . By the coarse Isbell topology on C(X, Y ) we
mean the topology ci deﬁned by ci =⋂{J is: J is a base for Y }. Clearly, Cci(X, Y ) CJ is(X, Y ) Cis(X, Y ) for any base J
of Y .
Theorem 7. Let X be a completely regular space. Consider the following conditions:
(a) X is compact family splittable,
(b) Cci(X,R) = Cis(X,R),
(c) Cci(X,R) = CT (c+)(X,R),
(d) Cis(X,R) = CT (c+)(X,R), and
(e) Cis(X,R) has separately continuous translations.
The conditions (a), (b), and (c) are equivalent and imply conditions (d) and (e), which are equivalent by [3, Corollary 4.2]. If, moreover,
X is zero-dimensional, then all ﬁve conditions are equivalent.
F. Jordan / Topology and its Applications 157 (2010) 2392–2401 2395In Section 8, we give an example that shows that the topologies we have deﬁned above can all be different. By I we
mean the base of all nonempty intervals in R.
Example 1. There is a completely regular space such that
Cci(X,R) < CIis(X,R) < Cis(X,R).
In [8], a space X is said to be sequentially inaccessible provided that for any sequence (Ln)n∈ω of countably based ﬁlters
of zero sets on X ; if adh(Ln) = ∅ for each n, then adh(∧n∈ωLn) = ∅. In [8], it is shown that if X is completely regular and
Lindelöf, then CT (c+)(X,R) = CT (c)(X,R) if and only if X is sequentially inaccessible. Combining this with Theorem 7, we
get:
Corollary 8. Let X be completely regular and Lindelöf. If X is sequentially inaccessible and compact family splittable, then Cis(X,R) =
CT (c)(X,R), in other words, X isR-concordant. Moreover, if X is zero-dimensional, and Cis(X,R) = CT (c)(X,R), then X is sequentially
inaccessible and compact family splittable.
Whether zero-dimensionality is necessary in the second part of Corollary 8 is an open problem:
Problem 1. Let X be completely regular. Does Cis(X,R) = CT (c+)(X,R) or Cis(X,R) = CT (c)(X,R) imply that X is compact family
splittable? What if X is a metric space?
We now look more closely at the property of being compact family splittable.
Proposition 9. If X is compact family splittable, completely regular, and not consonant, then Ck(X,R) < Cci(X,R).
Proof. Since X is compact family splittable, Cci(X,R) = Cis(X,R) by Theorem 7. Since X is not consonant, Ck(X,R) <
Cis(X,R) by Proposition 1. 
Let X be a space and U and V be open subsets of X . We say that V is bounded in U provided that every open cover
of U contains a ﬁnite subcover of V . Recall a space X is said to be core compact at a point x provided that for every open
neighborhood U of x there is an open neighborhood V of x that is bounded in U . It is easily veriﬁed that core compactness
and local compactness coincide for regular spaces. The next result, which is proven in Section 8 gives us another source of
examples of compact family splittable spaces.
Theorem 10. If X is core compact at every point except possibly one, then X is compact family splittable.
In [3], a space X is said to be infraconsonant provided that for every compact family on C on X there exists a compact
family D on X such that {D ∩ E: D, E ∈D} ⊆ C . By [2, Corollary 4.4], every regular infraconsonant space is compact family
splittable. Let D be the two point discrete space.
Theorem 11. If X is not infraconsonant and Y contains a closed copy of D, then X × Y is not compact family splittable. In particular,
the topological sum of a non-infraconsonant space with itself is not compact family splittable.
Arens space is constructed by taking (ω × ω) ∪ {∞} and making every point of ω × ω isolated and declaring as open
all sets of the form {(n,k): f (n) < k} ∪ {∞}, where f :ω → ω. It is shown, in [3], that Arens space is not infraconsonant.
So, if X is the Arens space, then X × D is not compact family splittable. By Theorem 10, Arens space is compact family
splittable. So, Arens space is an example of a compact family splittable space whose direct sum with itself is not compact
family splittable. In [3] it is shown that consonant spaces are infraconsonant. So, Arens space is compact family splittable
and not consonant. Hence, by Proposition 9, if X is Arens space, then Ck(X,R) < Cci(X,R).
Let X be a space. By O(X) we mean the collection of open subsets of X with the Scott topology. The open sets of O(X)
are precisely the compact families of X . The union function
⋃
:O(X) ×O(X) →O(X) is deﬁned by ⋃(U , V ) = U ∪ V . The
intersection function
⋂
is deﬁned in a similar way.
Theorem 12. The following conditions are equivalent:
(1) X is compact family splittable and
(2)
⋃
:O(X) ×O(X) →O(X) is continuous with respect to the product topology.
In [3], the dual of the above theorem is established for regular spaces.
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(1) X is infraconsonant and
(2)
⋂
:O(X) ×O(X) →O(X) is continuous with respect to the product topology.
4. Proof of Theorem 4
For this section let X and Y be ﬁxed topological spaces. Given sets B ⊆ Y and M ⊆ X × B and a compact family C on X
we let [C,M]B denote the collection of all f ∈ C(X,P+(B)) such that f |C 	 M where 	 is interpreted as being relative to
X × B .
Lemma 14. Let Z ⊆ Y . The topology Cis(X,P+(Z)) is equal to C(X,P+(Z)) with the subspace topology from Cis(X,P+(Y )).
Proof. Let Ce(X,P+(Z)) denote C(X,P+(Z)) with the subspace topology inherited from Cis(X,P+(Y )).
Let O be open in Z and C be a compact family on X . Let g ∈ [C, X × O ]Z . There is a C0 ∈ C such that g(C0) ⊆ O . Let O 1
be an open subset of Y such that O 1 ∩ Z = O . Now, C(X,P+(Z)) ∩ [C, X × O 1]Y is open in Ce(X,P+(Z)). Since g(C0) ⊆
O ⊆ O 1, g ∈ C(X,P+(Z))∩ [C, X × O 1]Y . Suppose f ∈ C(X,P+(Z))∩ [C, X × O 1]Y . Let D ∈ C be such that f (D) ⊆ O 1. Since
f (D) ⊆ Z , f (D) ⊆ O . So, f ∈ [C, X × O ]Z . Thus, g ∈ C(X,P+(Z)) ∩ [C, X × O 1]Y ⊆ [C, X × O ]Z . Hence, [C, X × O ]Z is open
in Ce(X,P+(Z)). Therefore, Cis(X,P+(Z)) Ce(X,P+(Z)).
Let O ⊆ Y be open and C be a compact family on X . Let g ∈ [C, X×O ]Y ∩C(X,P+(Z)). Let P = O ∩ Z . Clearly, [C, X× P ]Z
is open in Cis(X,P+(Z)). There is a C0 ∈ C such that g(C0) ⊆ O . Since g(C0) ⊆ O ∩ Z = P , g ∈ [C, X × P ]Z . Let h ∈ [C, X ×
P ]Z . There is a C ∈ C such that h(C) ⊆ P ⊆ O . So, h ∈ [C, X × O ]Y ∩ C(X,P+(Z)). Hence, g ∈ [C, X × P ]Z ⊆ [C, X × O ]Y ∩
C(X,P+(Z)). Thus, Ce(X,P+(Z)) Cis(X,P+(Z)). 
The argument for the ﬁne Isbell topology is similar to the one for the Isbell topology, but the argument is more delicate.
Lemma 15. Let X and Y be spaces and Z ⊆ Y . The topology CT (c+)(X,P+(Z)) is equal to C(X,P+(Z)) with the subspace topology
from CT (c+)(X,P+(Y )).
Proof. Let Ce(X,P+(Z)) denote C(X,P+(Z)) with the subspace topology inherited from CT (c+)(X,P+(Y )).
Let O be in X × Z and C be a compact family on X . Let g ∈ [C, O ]Z . There is a C0 ∈ C such that g|C0 	 O relative to
X × Z . There is for every x ∈ C0 a Z -open Vx ⊆ Z and an open Wx ⊆ X such that {x} × g(x) ⊆ Wx × Vx ⊆ O . For each x
let Tx be an open subset of Y such that Tx ∩ Z = Vx . Let H =⋃x∈C0 (Wx × Tx). Now, C(X,P+(Z)) ∩ [C, H]Y is open in
Ce(X,P+(Z)). Since {x} × g(x) ⊆ Wx × Tx ⊆ H for every x ∈ C0, g|C0 	 H relative to X × Y . So, g ∈ C(X,P+(Z)) ∩ [C, H]Y .
Suppose f ∈ C(X,P+(Z)) ∩ [C, H]Y . In this case, there is a D ∈ C such that f |D 	 H relative to X × Y . There is for every
x ∈ D a Y -open set Lx and an open neighborhood Kx of x such that {x} × f (x) ⊆ Kx × Lx ⊆ H . So, for every x ∈ D we have
{x} × f (x) ⊆ Kx × (Lx ∩ Z) ⊆ H ∩ (X × Z) =⋃x∈C0 (Wx × Vx) ⊆ O . So, f |D 	 O relative to X × Z . Hence, f ∈ [C, O ]Z . So,
g ∈ C(X,P+(Z)) ∩ [C, H]Y ⊆ [C, O ]Z . Therefore, CT (c+)(X,P+(Z)) Ce(X,P+(Z)).
Let O be open in X × Y and C be a compact family on X . Let g ∈ C(X,P+(Z)) ∩ [C, O ]Y . There is a C0 ∈ C such that
g|C0 	 O relative to X × Y . For each x ∈ C0 there is an X-open Wx and a Y -open Vx such that {x} × g(x) ⊆ Wx × Vx ⊆ O .
Since C is compact, there exist x1, . . . , xn such that
⋃n
i=1 Wxi ∈ C . Let D =
⋃n
i=1 Wxi and Q = (
⋃n
i=1(Wxi × Vxi )) ∩ (X × Z).
Notice that [C, Q ]Z is open in CT (c+)(X,P+(Z)). For each x ∈ D there is an i such that {x}× g(x) ∈ (Wxi ×Vxi )∩(X× Z) ⊆ Q .
So, g|D 	 Q relative to X × Z , yielding that g ∈ [C, Q ]Z . Let h ∈ [C, Q ]Z . There is a C ∈ C such that h|C 	 Q relative to
X × Z . For every x ∈ C ,
{x} × h(x) ⊆
(⋂
{Wxi : x ∈ Wxi }
)
×
(⋃
{Vxi : x ∈ Wxi }
)
⊆
n⋃
i=1
(Wxi × Vxi ) ⊆ O .
So, h|C 	 O relative to X × Y . Since C ∈ C , h ∈ C(X,P+(Z)) ∩ [C, O ]Y . It follows that g ∈ [C, Q ]Z ⊆ C(X,P+(Z)) ∩ [C, O ]Y .
Thus, Ce(X,P+(Z)) CT (c+)(X,P+(Z)). 
Theorem 4 follows from Lemmas 14 and 15.
5. Proof of Theorem 6
Proposition 16. ([8]) Let C be a compact family on X and D ∈ C . The family C ↓ D = {C ∈ C: C ∩ D ∈ C} is a compact family.
Lemma 17. If X is compact family splittable, then for every space Y we have Cis(X,P+(Y )) = CT (c+)(X,P+(Y )).
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x ∈ C pick open sets U0x ⊆ X and Vx ⊆ Y such that {x} × f (x) ⊆ U0x × Vx ⊆ O . For each x ∈ C , there exists an open Ux ⊆ U0x
such that x ∈ Ux and f (w) ⊆ Vx for every w ∈ Ux . Since C is compact, there exist x1, . . . , xn ∈ C such that ⋃ni=1 Uxi ∈ C .
Since X is compact family splittable, there exist compact families C1, . . . ,Cn such that Uxi ∈ Ci and
⋂n
i=1 Ci ⊆ C . Let Q =⋂n
i=1[Ci ↓ Uxi , X × Vxi ]. Notice Q is open in the Isbell topology. Since f (w) ⊆ Vxi for every w ∈ Uxi , and Uxi ∈ Ci ↓ Uxi
for each 1  i  n, we have f ∈ Q . Suppose g ∈ Q . Let Wi ∈ Ci ↓ Uxi be such that g(Wi) ⊆ Vxi . There is a Zi ⊆ Uxi such
that Zi ∈ Ci and Zi ⊆ Wi . Notice that ⋃ni=1 Zi ∈⋂ni=1 Ci ↓ Uxi ⊆ C . Let x ∈ Zi for some 1 i  n. Since g(Zi) ⊆ Vxi , we have{x} × g(x) ⊆ Zi × Vxi ⊆ O . So, g|(⋃ni=1 Zi) 	 O . Thus, f ∈ Q ⊆ [C, O ]. Therefore, Cis(X,P+(Y )) = CT (c+)(X,P+(Y )). 
Lemma 18. Suppose X is zero-dimensional. If Cis(X,M) = CT (c+)(X,M), then X is compact family splittable.
Proof. Suppose C is a compact family on X and T1 and T2 are open sets such that T1 ∪ T2 ∈ C . For each x ∈ T1 ∪ T2 let Ux
be a clopen set such that x ∈ Ux and for each i ∈ {1,2} we have Ux ⊆ Ti if and only if x ∈ Ti . There exists a ﬁnite S ⊆ X
such that
⋃
x∈S Ux ∈ C . Let U1 =
⋃{Ux: x ∈ T1 ∩ S} and U2 = (⋃x∈S Ux)\U1. Notice that U1 and U2 are disjoint clopen sets,
U1 ⊆ T1, U2 ⊆ T2, and U1 ∪ U2 ∈ C .
Deﬁne g ∈ C(X,M) so that U2 = g−1(2), U1 ∪ U2 = g−1({1,2}), and X \ (U1 ∪ U2) = g−1(0). Let O ⊆ X × M be deﬁned
by (U2 × {2}) ∪ (U1 × {1,2}). Clearly, g|(U1 ∪ U2) 	 O . So, g ∈ [C, O ].
Since Cis(X,M) = CT (c+)(X,M), there are open V1, . . . , Vk ⊆ M and compact families E1, . . . ,Ek on X such that g ∈⋂k
i=1[Ei, X × Vi] ⊆ [C, O ]. If Vi = ∅ or Vi = M, then it is easily checked that [Ei, Vi] ∈ {∅,C(X,M)}. So, we may assume
that Vi ∈ {{1,2}, {2}} for every i. Since ﬁnite intersections of compact families are compact, we may assume that k = 2 and
V1 = {1,2} and V2 = {2}. Since g ∈ [E1, X × V1], U1 ∪ U2 = g−1({1,2}) ∈ E1. Since g ∈ [E2, X × V2], U2 = g−1(2) ∈ E2.
Let D = {V ∈ O(X): V ∪ U2 ∈ E1}. It is easy to check that D is compact and that U1 ∈ D. Let D ∈ D and E ∈ E2.
Deﬁne f ∈ C(X,M) so that f −1(2) = E , f −1({1,2}) = D ∪ U2 ∪ E , and f −1(0) = X \ (D ∪ U2 ∪ E). Clearly, f −1(2) ∈ E2 and
f −1({1,2}) = D ∪U2 ∪ E ∈ E1. So, f ∈⋂2i=1[Ei, X × Vi] ⊆ [C, O ]. Let C ∈ C be such that f |C 	 O . By the deﬁnition of O , we
have C ⊆ f −1({1,2}) = E ∪ U2 ∪ D . Let x ∈ C . If f (x) = 2, then x ∈ E . If f (x) = 1, then x ∈ (U2 ∪ D) ∩ U1. Since U1 ∩ U2 = ∅,
we have x ∈ E ∪ (U1 ∩ (U2 ∪ D)) ⊆ E ∪ D . So, C ⊆ D ∪ E . Hence, D ∩ E2 ⊆ C . Thus, X is compact family splittable. 
Proof of Theorem 6. Lemma 17 gives that (a) implies (b). Since Cis(X, Y ) and CT (c+)(X, Y ) are subspaces of Cis(X,P+(Y ))
and CT (c+)(X,P+(Y )), respectively, we have that (b) implies (c). It is obvious that (c) implies (d). That (d) implies (a) for
zero-dimensional spaces follows from Lemma 18. 
6. Proof of Theorem 7
We ﬁrst prove a general fact about compact families that will be useful.
Lemma 19. Let X be a space and L ⊆ X. If A ⊆ L is closed in X and C is a compact family on X, then the collection of all L-open
supersets of C ∨ {A} is a compact family on L.
Proof. Let F be the collection of all L-open supersets of C∨{A}. Suppose F ∈F and U is a cover of F by L-open sets. There
is a C ∈ C such that A ∩ C ⊆ F . For each U ∈ U let U∗ be an X-open set such that U = L ∩ U∗ . Notice that {C \ A} ∪ {U∗:
U ∈ U} is an X-open cover of C . There is a ﬁnite V ⊆ {C \ A} ∪ {U∗: U ∈ U} such that ⋃V ∈ C . Let W = {L ∩ V : V ∈
V \ {C \ A}}. Notice that W is a ﬁnite subcollection of U . Since A ⊆ L,
A ∩
⋃
V ⊆ A ∩
(⋃(V \ {C \ A}))⊆⋃{L ∩ V : V ∈ V \ {C \ A}}=⋃W.
So,
⋃W ∈F . Thus, F is a compact family on L. 
Corollary 20. Let X be a space. If C is a compact family on X and A ⊆ X is closed, then {A} ∨ C is a compact family on A.
Proof. By Lemma 19, it is enough to check that {A} ∨ C is closed under taking A-open supersets. Let C ∈ C and U be an
A-open set such that A ∩ C ⊆ U . Let V be an open subset of X such that V ∩ A = U . Now, V ∪ C ∈ C and (V ∪ C) ∩ A =
(V ∩ A) ∪ (C ∩ A) = U ∪ (C ∩ A) = U . Thus, U ∈ {A} ∨ C . 
Lemma 21. If X is compact family splittable, then Cis(X,R) = Cci(X,R).
Proof. Let B be a base for R. Let V ⊆ R be open, C be a compact family on X and f ∈ [C, X × V ]. Let J ⊆ B be such that⋃J = V . Since ⋃ J∈J f −1( J ) = f −1(V ) ∈ C , there exist J1, . . . , Jn ∈ J such that ⋃ni=1 f −1( J i) ∈ C . Since X is compact
family splittable, there exist compact families C1, . . . ,Cn such that f −1( J i) ∈ Ci for every i and ⋂ni=1 Ci ⊆ C . Notice that
f ∈⋂ni=1[Ci, X × J i]. Let g ∈⋂ni=1[Ci, X × J i]. For every i, there is a Ci ∈ Ci such that g(Ci) ⊆ J i . Now, ⋃ni=1 Ci ∈ C and
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⋃n
i=1 Ci) ⊆
⋃n
i=1 J i ⊆ V . So, f ∈
⋂n
i=1[Ci, X × J i] ⊆ [C, X × V ]. Thus, Cis(X,R)  CBis(X,R). Since B was an arbitrary
base, Cis(X,R) = Cci(X,R). 
Lemma 22. Suppose X is completely regular and V is a proper open subset of R. IfD,E1, . . . ,En are compact families on X, J1, . . . , Jn
are open subsets of Y , and f ∈⋂ni=1[Ei, X × J i] ⊆ [D, X × V ], then⋂ni=1(Ei ↓ f −1( J i)) ⊆D.
Proof. Suppose
⋂n
i=1(Ei ↓ f −1( J i))  D. There exist Fi ∈ Ei ↓ f −1( J i) for every i such that
⋃n
i=1 Fi /∈ D. For each i let
Ei ∈ Ei be a cozero set such that Ei ⊆ f −1( J i) ∩ Fi . Let M be an open cover of ⋃ni=1 Ei such that for every x ∈⋃ni=1 Ei
there is a zero set Mx ∈ M such that x ∈ int(Mx) ⊆ Mx ⊆⋂{Ei: x ∈ Ei}. For each i we can pick a ﬁnite Bi ⊆ Ei such
that
⋃
x∈Bi Mx ∈ Ei . Notice that
⋃
x∈Bi Mx ⊆ Ei ⊆ f −1( J i). Since
⋃n
i=1
⋃
x∈Bi Mx ⊆
⋃n
i=1 Ei , there is a continuous function
h : X → R such that h|⋃ni=1⋃x∈Bi Mx = f |⋃ni=1⋃x∈B Mx and h(X \⋃ni=1 Ei) = {p}, where p /∈ V . Since h(⋃x∈Bi Mx) =
f (
⋃
x∈Bi Mx) ⊆ J i for every i, h ∈
⋂
i=1[Ei, X × J i]. Thus, h ∈ [D, X × V ]. Since ∅ = D \ (
⋃n
i=1 Fi) ⊆ D \ (
⋃n
i=1 Ei), p ∈ h(D).
So, h(D)  V for any D ∈D, contradicting that h ∈ [D, X × V ]. 
Lemma 23. Suppose X is completely regular and Cis(X,R) = Cci(X,R). For every base J of R, compact family C on X, open V ⊆ R,
and f ∈ [C, X × V ] there exist J1, . . . , Jn ∈ J and compact families E1, . . . ,En of X such that f ∈⋂ni=1[Ei, X × J i] ⊆ [C, X × V ]
and
⋃n
i=1 J i ⊆ V .
Proof. Let f ∈ [C, X × V ]. Notice that if ∅ ∈ C , then [C, X × V ] = C(X,R) and [C, X × J ] = C(X,R) for any J ∈J such that
J ⊆ V . So, we may assume that ∅ /∈ C . Let M be the collection of all M ∈ J such that cl(M) is compact and cl(M) ⊆ V .
Since
⋃
M∈M f −1(M) = f −1(V ) there exist M1, . . . ,Mn ∈M such that
⋃n
i=1 f −1(Mi) ∈ C . We now have that f ∈ [C, X ×⋃n
i=1 Mi]. Let C ∈ C be such that f (C) ⊆
⋃n
i=1 Mi . Notice that f ∈ [C ↓ C, X ×
⋃n
i=1 Mi]. Since cl(
⋃n
i=1 Mi) is compact, there
is an  > 0 such that for any x ∈⋃ni=1 Mi , if |x − y| <  , then y ∈ V . Let L be the basis for R consisting of all elements
of J with diameter strictly less than /2. There exist H1, . . . , Hk ∈ L and compact families E1, . . . ,Ek of X such that
f ∈⋂kt=1[Et , X×Ht] ⊆ [C ↓ C, X×⋃ni=1 Mi]. By Lemma 22, ⋂kt=1 Et ⊆ C ↓ C . Let D ∈ C be such that D ⊆ C∩(⋃kt=1 f −1(Ht)).
Since D = ∅ and f (D) ⊆⋃ni=1 Mi , the set T = {t: Ht ∩⋃ni=1 Mi = ∅} is nonempty. By our choice of  , ⋃t∈T Ht ⊆ V . Also,
f ∈⋂t∈T [Et , X × Ht]. Let g ∈⋂t∈T [Et , X × Ht]. For each t ∈ T let Et ∈ Et be such that g(Et) ⊆ Ht . For t ∈ {1, . . . ,k} \ T
let Et ∈ Et be such that f (Et) ⊆ Ht . Now, ⋃ki=1 Ei ∈ C ↓ C . So, there is G ∈ C such that G ⊆ C and G ⊆⋃kt=1 Et . Let x ∈ G .
There is a t such that x ∈ Et . By way of contradiction, assume t /∈ T . In this case, f (Et) ⊆ Ht . Since G ⊆ C , f (x) ∈⋃ni=1 Mi .
So, f (Et) ∩ (⋃ni=1 Mi) = ∅. Since f (Et) ⊆ Ht , Ht ∩ (⋃ni=1 Mi) = ∅, which contradicts that t /∈ T . Thus, G ⊆⋃t∈T Et . Now,
g(G) ⊆⋃t∈T g(Et) ⊆⋃t∈T Ht ⊆ V . So, ⋂t∈T [Et , X × Ht] ⊆ [C, X × V ]. 
Lemma 24. Suppose X is completely regular and L ⊆ X is an open set. If Cis(X,R) = Cci(X,R), then Cis(L,R) = Cci(L,R).
Proof. Suppose f : L → R is continuous, C is a compact family on L, V ⊆ R is open, f ∈ [C, L × V ], and J is a base for R.
If V = R, then [C, L × V ] = C(L,R), which is open in the coarse Isbell topology. So, we may assume that V = R.
Let C ∈ C be such that f (C) ⊆ V . For each x ∈ C let Sx be a zero set in X such that x ∈ int(Sx) ⊆ Sx ⊆ C . There exists a
ﬁnite H ⊆ C such that ⋃x∈H int(Sx) ∈ C . Let A =⋃x∈H Sx . Since A ⊆ C , f (A) ⊆ V .
Let f ∗ ∈ C(X,R) be a continuous extension of f |A to all of X and D be the collection of all X-open supersets of elements
of C ↓ (⋃x∈H int(Sx)). Notice D is a compact family on X and f ∗ ∈ [D, X × V ]. By Lemma 23, there exist J1, . . . , Jn ∈J and
compact families E1, . . . ,En on X such that f ∗ ∈⋂ni=1[Ei, X × J i] ⊆ [D, X × V ] and ⋃ni=1 J i ⊆ V . By Lemma 22, ⋂ni=1 Ei ↓
( f ∗)−1( J i) ⊆D.
For each 1  i  n. Deﬁne Fi to be the collection of all L-open supersets of (Ei ↓ ( f ∗)−1( J i)) ∨ {A}. By Lemma 19,
Fi is a compact family on L. Since ( f ∗)−1( J i) ∩ A ⊆ f −1( J i), it follows that f −1( J i) ∈ Fi . So, f ∈ [Fi, L × J i]. Thus, f ∈⋂n
i=1[Fi, L × J i].
Suppose g ∈ C(L,R) and g ∈⋂ni=1[Fi, L× J i]. For every i there is an Fi ∈Fi such that g(Fi) ⊆ J i . Let Ei ∈ Ei ↓ ( f ∗)−1( J i)
be such that Ei ∩ A ⊆ Fi . Since ⋃ni=1 Ei ∈D, there is a C1 ∈ C ↓ (⋃x∈H int(Sx)) such that C1 ⊆⋃ni=1 Ei . There is a C2 ∈ C
such that C2 ⊆ C1 ∩ (⋃x∈H int(Sx)). Notice that
C1 ∩
(⋃
x∈H
int(Sx)
)
⊆ C1 ∩ A ⊆
(
n⋃
i=1
Ei
)
∩ A =
n⋃
i=1
(Ei ∩ A) ⊆
n⋃
i=1
Fi .
Now, g(C2) ⊆⋃ni=1 g(Fi) ⊆⋃ni=1 J i ⊆ V . So, g ∈ [C, L × V ]. So, ⋂ni=1[Fi, L × J i] ⊆ [C, L × V ]. Thus, f ∈⋂ni=1[Fi, L × J i] ⊆[C, L × V ]. Therefore, Cis(L,R) = Cci(L,R). 
Lemma 25. Suppose X is completely regular and Cis(X,R) = Cci(X,R). If O ⊆ X ×R is open, C is a compact family on X, f ∈ [C, O ],
and J is a base for R, then there exist compact families Ei, . . . ,En and J1, . . . , Jn ∈ J such that f ∈⋂ni=1[Ei ↓ f −1( J i), X × J i] ⊆[C, O ] and⋂ni=1 Ei ↓ f −1( J i) ⊆ C . In particular, if X is completely regular and Cis(X,R) = Cci(X,R), then Cci(X,R) = CT (c+)(X,R).
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pick open sets Ux and Vx such that f |Ux ⊆ Ux × Vx ⊆ cl(Ux)× cl(Vx) ⊆ O , and cl(Vx) is compact. Shrinking Ux , if necessary,
we may assume there is an x > 0 such that for every w ∈ Ux and z ∈ cl(Vx) we have {w} × (z − x, z + x) ⊆ O . There is a
ﬁnite A ⊆ C such that ⋃x∈A Ux ∈ C . Let D =⋃x∈A Ux . Now, f ∈ [C ↓ D, X ×⋃x∈A Vx]. Let  = min{a: a ∈ A}. Let L be the
base consisting of all elements of J that have length strictly less than /2. There exist J1, . . . , Jn ∈L and compact families
E1, . . . ,En of X such that f ∈⋂ni=1[Ei, X × J i] ⊆ [C ↓ D, X ×⋃x∈A Vx]. By Lemma 22, ⋂ni=1 Ei ↓ f −1( J i) ⊆ C ↓ D ⊆ C .
Let g ∈⋂ni=1[Ei ↓ f −1( J i), X × J i]. For each i there is an Fi ∈ Ei such that Fi ⊆ f −1( J i) and g(Fi) ⊆ J i . Since ⋃ni=1 Fi ∈
C ↓ D , there is a G ∈ C such that G ⊆ D and G ⊆⋃ni=1 Fi . Let x ∈ G . There is an i such that x ∈ Fi ∩ D ⊆ f −1( J i) ∩ D . There
is an a ∈ A such that x ∈ Ua . So, f (x) ∈ Va . So, J i ∩ Va = ∅. By our choice of  , Ua × J i ⊆ O . Since x ∈ Fi , (x, g(x)) ∈ Ua × J i .
So, g|G 	 O . Thus, ⋂ni=1[Ei ↓ f −1( J i), X × J i] ⊆ [C, O ]. Therefore, f ∈⋂ni=1[Ei ↓ f −1( J i), J i] ⊆ [C, O ]. 
Lemma 26. Suppose X is completely regular. If Cis(X,R) = Cci(X,R), then X is compact family splittable.
Proof. Let C be a compact family on X and U1 and U2 be open sets such that U1 ∪ U2 ∈ C . For each x ∈ U1 ∪ U2 let Wx be
a cozero set such that x ∈ Wx and for each i ∈ {1,2} we have cl(Wx) ⊆ Ui if and only if x ∈ Ui . There exist x1, . . . , xn ∈ X
such that
⋃n
i=1 Wxi ∈ C . Let E1 =
⋃{Wxi : xi ∈ U1} and E2 =⋃{Wxi : xi /∈ U1}. Notice that E1 ⊆ U1 and E2 ⊆ U2 and that
E1 and E2 are both cozero sets.
Suppose E1 ⊆ E2, then E2 =⋃ni=1 Wxi ∈ C . Now, E2 ∈ C ↓ (⋃ni=1 Wxi ), E1 ∈ O(X) (where O(X) is the set of all open
subsets of X ), and C ↓ (⋃ni=1 Wxi ) ∩ O(X) = C ↓ (⋃ni=1 Wxi ) ⊆ C . So, we may assume that E1 is not contained in E2.
Similarly, we may assume that E2 is not contained in E1.
Notice that E1 \ E2 and E2 \ E1 are mutually disjoint zero sets in E1 ∪ E2. Let M be the collection of all elements of C
that are contained in E1 ∪ E2. Notice that M is a compact family on E1 ∪ E2. By p. 37 of [7], there is an f : E1 ∪ E2 → [0,1]
such that E1 \ E2 = f −1(0) and E2 \ E1 = f −1(1). Notice that f −1((0,1)) = E1 ∩ E2. Let O ⊆ (E1 ∪ E2) × R be deﬁned by
(E1 × (−∞,1)) ∪ (E2 × (0,+∞)). Notice that f 	 O . So, f ∈ [M, O ].
By Lemma 24, Cis(E1 ∪ E2,R) = Cci(E1 ∪ E2,R). There exist, by Lemma 25, compact families D1, . . . ,Dn on E1 ∪ E2 and
open intervals J1, . . . , Jn such that f ∈⋂ni=1[Di ↓ f −1( J i), (E1 ∪ E2) × J i] ⊆ [M, O ], diam( J i) < 1 for each 1 i  n, and⋂n
i=1Di ↓ f −1( J i) ⊆M.
Let S1 = {i: J i ⊆ (−∞,1)} and S2 = {i: J i ⊆ (0,+∞)}. Let F1 =⋂i∈S1 (Di ↓ f −1( J i)) and F2 =⋂i∈S2 (Di ↓ f −1( J i)).
Clearly, F1 and F2 are compact families on E1 ∪ E2.
Since f −1((−∞,1)) = E1, ⋃i∈S1 f −1( J i) ⊆ E1. So, E1 ∈F1. Similarly, E2 ∈F2. Since diam( J i) < 1 for every i, S1 ∪ S2 =
{1, . . . ,n}. So, F1 ∩F2 =⋂ni=1Di ↓ f −1( J i) ⊆M⊆ C .
For each i ∈ {1,2} let Hi denote the compact family on X formed by taking all X-open supersets of elements of Fi .
Notice that E1 ∈H1, E2 ∈H2, and H1 ∩H2 ⊆ C . Therefore, X is compact family splittable. 
Lemma 27. Suppose Cis(X,R) = CT (c+)(X,R). If A ⊆ X is clopen, then Cis(A,R) = CT (c+)(A,R).
Proof. Let O ⊆ A × R, C be a compact family on A, and f ∈ C(A,R) be such that f ∈ [C, O ]. Let h : X → R be a continuous
extension of f and L be the collection of all X-open supersets of elements of C . Since C ⊆ L and O is open in X × R, we
have h ∈ [L, O ]. There exist compact families E1, . . . ,En on X and open subsets V1, . . . , Vn of R such that h ∈⋂ni=1[Ei, X ×
Vi] ⊆ [L, O ]. Since h−1(Vi) ⊆ Ei for every i, we have h ∈⋂ni=1[Ei ↓ h−1(Vi), X × Vi] ⊆ [L, O ].
For each 1 i  n deﬁne Di = (Ei ↓ h−1(Vi)) ∨ {A}. By Corollary 20, Di is a compact family on A for each i. For each i
we have h−1(Vi) ∩ A ∈Di and f (h−1(Vi) ∩ A) = h(h−1(Vi) ∩ A) ⊆ Vi . So, f ∈⋂ni=1[Di, A × Vi].
Let g ∈⋂ni=1[Di, A × Vi]. For each i there is a Di ∈ Di such that g(Di) ⊆ Vi . Let Fi ∈ Ei ↓ h−1(Vi) be such that Fi ∩
A = Di . There is a Gi ⊆ h−1(Vi) ∩ Fi such that Gi ∈ Ei . Notice that Gi ∩ A ∈Di . Deﬁne g∗ : X → R so that g∗|A = g|A and
g∗|(X \ A) = h|(X \ A). Notice g∗ is continuous since A is clopen. Now, g∗(Gi) = g(Gi ∩ A)∪h(Gi \ A) ⊆ g(Fi ∩ A)∪h(Gi \ A) ⊆
g(Di)∪h(h−1(Vi)) ⊆ Vi . So, g∗ ∈⋂ni=1[Ei ↓ h−1(Vi), X × Vi] ⊆ [L, O ]. So, there is a C ∈ C such that g∗|C 	 O . Since C ⊆ A,
g|C 	 O . Thus, f ∈⋂ni=1[Di, A × Vi] ⊆ [C, O ]. Therefore, Cis(A,R) = CT (c+)(A,R). 
Lemma 28. If X is zero-dimensional and Cis(X,R) = CT (c+)(X,R), then X is compact family splittable.
Proof. Suppose C is a compact family on X and T1 and T2 are open sets such that T1 ∪ T2 ∈ C . For each x ∈ T1 ∪ T2
let Ux be a clopen set such that x ∈ Ux and for each i ∈ {1,2} we have Ux ⊆ Ti if and only if x ∈ Ti . There exists a
ﬁnite S ⊆ X such that ⋃x∈S Ux ∈ C . Let U1 =⋃{Ux: x ∈ U1 ∩ S} and U2 = (⋃x∈S Ux) \ U1. Notice that U1 and U2 are
disjoint clopen sets, U1 ⊆ T1, U2 ⊆ T2, and U1 ∪ U2 ∈ C . By Lemma 27, Cis(U1 ∪ U2,R) = CT (c+)(U1 ∪ U2,R). By Corollary 5,
Cis(U1 ∪ U2,D) = CT (c+)(U1 ∪ U2,D), where D is the two point discrete space. Let M be the collection of all elements of C
that are contained in U1 ∪ U2. Notice M is a compact family on U1 ∪ U2.
Deﬁne f :U1 ∪ U2 → D so that f (U1) = {0} and f (U2) = {1}. Let O = (U1 × {0})∪ (U2 × {1}). Clearly, f ∈ [M, O ]. There
exist compact families E1, . . . ,En on U1 ∪ U2 and open subsets V1, . . . , Vn of D such that f ∈⋂ni=1[Ei, (U1 ∪ U2) × Vi] ⊆[M, O ].
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for all i. Let A1 = ⋂{Ei: Vi = {0}} and A2 = ⋂{Ei: Vi = {1}}. Since f ∈ ⋂ni=1[Ei, (U1 ∪ U2) × Vi], U1 = f −1({0}) ∈ Ei
for each i such that Vi = {0}. So, U1 ∈ A1. Similarly, U2 ∈ A2. Thus, f ∈ [A1, (U1 ∪ U2) × {0}] ∩ [A2, (U1 ∪ U2) × {1}] ⊆⋂n
i=1[Ei, (U1 ∪ U2) × Vi] ⊆ [M, O ].
Let A1 ∈ A1 ↓ U1 and A2 ∈ A2 ↓ U2. By compactness, we can ﬁnd clopen sets B1 ⊆ A1 ∩ U1 and B2 ⊆ A2 ∩ U2 such
that B1 ∈A1 and B2 ∈A2. Deﬁne g :U1 ∪ U2 → D so that g((U1 \ B1) ∪ B2) = {1} and g((U2 \ B2) ∪ B1) = {0}. Notice that
g ∈ [A1, (U1 ∪ U2) × {0}] ∩ [A2, (U1 ∪ U2) × {1}]. There is an M ∈M such that g|M 	 O . By our deﬁnition of O we must
have M ⊆ B1 ∪ B2. So, M ⊆ A1 ∪ A2. Thus, (A1 ↓ U1)∩ (A2 ↓ U2) ⊆M. Letting D1 be the collection of all X-open supersets
of A1 ↓ U1 and D2 be the collection of all X-open supersets of A2 ↓ U2, we have U1 ∈ D1, U2 ∈ D2, and D1 ∩D2 ⊆ C .
Therefore, X is compact family splittable. 
Proof of Theorem 7. The equivalence of (a), (b), and (c) follows from Lemmas 21, 25, and 26. Since Cci(X,R) Cis(X,R)
CT (c+)(X,R) we have that (c) implies (d). Finally, when X is zero-dimensional, Lemma 28 gives that (d) implies (a). 
7. Example 1
In [9] an example is given of two consonant zero-dimensional spaces X0 and X1 whose topological sum X = X0 ⊕ X1 is
not consonant. In [8], it is shown that there is a compact family C on X such that for every compact set K in X there is an
open U such that K ⊆ U /∈ C .
Lemma 29. Cci(X,R) < CIis(X,R).
Proof. Deﬁne f : X → R by f (X0) = {0} and f (X1) = {1}. Deﬁne V = (−1,2). Clearly, f ∈ [C, X × V ] ∈ Iis. Let J be the
base consisting of all open intervals of diameter less than 1/4.
By way of contradiction, assume there exist compact families E1, . . . ,En and J1, . . . , Jn ∈ J such that f ∈⋂ni=1[Ei, X ×
J i] ⊆ [C, X × V ].
Let 1  i  n. If ∅ ∈ Ei , then [Ei, X × J i] = C(X,R). So, we may assume that ∅ /∈ Ei . In particular, f −1( J i) = ∅. Thus,
J i ∩ {0,1} = {0} or J i ∩ {0,1} = {1}.
Let A0 = {i: 0 ∈ J i} and A1 = {i: 1 ∈ J i}. For each j ∈ {0,1} let L j = ⋂i∈A j J i and D j = ⋂i∈A j Ei . Notice that f ∈⋂1
j=0[D j, X × L j] ⊆
⋂n
i=1[Ei, X × J i].
Since 1 /∈ L0, X0 = f −1(L0) ∈ D0. Since D0 ↓ X0 is exactly the open supersets of the compact family on X0 given by
{X0} ∨ D0, there is a compact set K0 ⊆ X0 such that all open supersets of K0 are contained in D0. Similarly, there is a
compact set K1 ⊆ X1 such that every open superset of K1 is in D1. By our choice of C , there is an open superset T of
K0 ∪ K1 such that T /∈ C . Let W be a clopen superset of K0 ∪ K1 such that W ⊆ T . Deﬁne g : X → R so that g|W = f |W
and g(X \ W ) = {5}. Now, g is continuous and easily checked to be in ⋂1j=0[D j, X × L j]. However, since ∅ = (X \ T ) ∩ C ⊆
(X \ W ) ∩ C for every C , g /∈ [C, X × V ], a contradiction. 
Lemma 30. CIis(X,R) < Cis(X,R).
Proof. Deﬁne f : X → R by f (X0) = {0} and f (X1) = {1}. Deﬁne V = (−∞,1/4) ∪ (3/4,+∞). Clearly, f ∈ [C, V ].
By way of contradiction, assume there exist compact families E1, . . . ,En and open intervals J1, . . . , Jn of R such that
f ∈⋂ni=1[Ei, X × J i] ⊆ [C, X × V ].
Let 1  i  n. If ∅ ∈ Ei , then [Ei, X × J i] = C(X,R). So, we may assume that ∅ /∈ Ei . In particular, f −1( J i) = ∅. Thus,
J i ∩ {0,1} = ∅.
Let A0 = {i: 1 /∈ J i}, A1 = {i: 0 /∈ J i}, and A2 = {i: 0,1 ∈ J i}. For each j ∈ {0,1,2} let L j =⋂i∈A j J i and D j =⋂i∈A j Ei .
Notice that f ∈⋂2j=0[D j, X × L j] ⊆⋂ni=1[Ei, X × J i].
Since 1 /∈ L0, X0 = f −1(L0) ∈ D0. Since D0 ↓ X0 is exactly the open supersets of the compact family on X0 given by
{X0} ∨ D0, there is a compact set K0 ⊆ X0 such that all open supersets of K0 are contained in D0. Similarly, there is a
compact set K1 ⊆ X1 such that every open superset of K1 is in D1. By our choice of C , there is an open superset T of
K0 ∪ K1 such that T /∈ C . Let W be a clopen superset of K0 ∪ K1 such that W ⊆ T . Deﬁne g : X → R so that g|W = f |W
and g(X \W ) = {1/2}. Now, g is continuous and easily checked to be in ⋂2j=0[D j, X × L j]. However, since ∅ = (X \ T )∩ C ⊆
(X \ W ) ∩ C for every C , g /∈ [C, X × V ], a contradiction. 
8. Proof of Theorem 10
Given open subsets U and V of X we will write U  V to denote that U is bounded in V . Let p be the only point at
which X is not core compact, if such a point exists. Let C be a compact family on X and U1 and U2 be open sets such that
U1 ∪ U2 ∈ C . If p ∈ U1 ∪ U2, then we will assume that p ∈ U2. For each x ∈ U1 \ {p} there exist open sets Zx and Wx such
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ﬁnite A ⊆ U1 \ {p} such that (⋃x∈A Zx) ∪ U2 ∈ C . Let C = (⋃x∈A Zx) ∪ U2 and D = C ↓ C .
Fix x ∈ A. Let Nx be the collection of all open sets Z such that there is an open V ⊆ Wx such that Zx  V ⊆ Z . Clearly,
Nx is closed under open supersets. Suppose Z ∈ Nx . There is a V ⊆ Wx such that Zx  V ⊆ Z . Let E be an open cover
of Z . Since x = p, there is an open neighborhood Fx of x and an Ex ∈ E such that Fx Wx ∩ Ex . If p /∈ Fx , then x /∈ cl(p), in
which case, p /∈ Wx ⊇ V . Thus, p /∈ V \ Fx . For every y ∈ V \ Fx there is an open neighborhood F y of y and an E y ∈ E such
that F y Wx ∩ E y . Since Zx  V , there exists a ﬁnite S ⊆ V such that Zx ⊆⋃y∈S F y . Since F y  E y ∩ Wx for every y ∈ S ,⋃
y∈S F y 
⋃
y∈S (E y ∩ Wx). Now, Zx 
⋃
y∈S(E y ∩ Wx) ⊆ Wx . So,
⋃
y∈S E y ∈Nx . Thus, Nx is a compact family.
Let M be the collection of all open supersets of D ∨ {(X \ (⋃x∈A Zx))}. By Lemma 19, M is compact. Let M ∈M and
Nx ∈Nx for every x ∈ A. There is a D ∈D such that D ⊆ C and D ∩ (X \ (⋃x∈A Zx)) ⊆ M . Now, D ⊆ (D ∩ (U2 \ (⋃x∈A Zx)))∪
(
⋃
x∈A Zx) ⊆ M ∪
⋃
x∈A Nx . Thus, M ∩ (
⋂
x∈ANx) ⊆D ⊆ C . Finally, notice that U2 ∈M and U1 ∈
⋂
x∈ANx . Therefore, X is
compact family splittable.
9. Proof of Theorem 11
Suppose Y contains a closed copy {y1, y2} of D and X×Y is compact family splittable. There exist open sets W1,W2 ⊆ Y
such that y1 ∈ W1 \ W2 and y2 ∈ W2 \ W1. Let C be a compact family on X . Let E be the collection of open supersets of
sets of the form C × {y1, y2}, where C ∈ C .
We claim that E is a compact family. Clearly, E is closed under open supersets. Let E ∈ E . There is a C ∈ C such that
C × {y1, y2} ⊆ E . Let U be an open cover of E . Without loss of generality, we may assume that every element of U is
contained in C × Y . Since U covers C × {y1} there exist U1, . . . ,Un ∈ U such that ⋃ni=1 πX (Ui ∩ (X × {y1})) ∈ C . Let H =⋃n
i=1 πX (Ui ∩ (X ×{y1})). Since H ⊆ C , U covers H ×{y2}. There exist V1, . . . , Vk ∈ U such that
⋃k
i=1 πX (Vi ∩ (X ×{y2})) ∈
C ↓ H . There is a G ⊆ H such that G ⊆⋃ki=1 πX (Vi ∩ (X × {y2})) and G ∈ C . Now, G × {y1, y2} ⊆ (⋃ni=1 Ui) ∪ (⋃ki=1 Vi).
Thus, E is a compact family.
Notice that (X ×W1)∪ (X ×W2) ∈ E . There exist compact families F1 and F2 such that X ×W1 ∈F1, X ×W2 ∈F2, and
F1∩F2 ⊆ E . Let M1 = (F1 ↓ (X ×W1))∨{X ×{y1}} and M2 = (F2 ↓ (X ×W2))∨{X ×{y2}}. By Corollary 20, M1 and M2
are compact families on X × {y1} and X × {y2}, respectively.
Let N1 = πX (M1) and N2 = πX (M2). Notice that N1 and N2 are compact families on X . Let N1 ∈N1 and N2 ∈N2.
Let M1 ∈M1 and M2 ∈M2 be such that πX (M1) = N1 and πX (M2) = N2. There exist F1 ∈F1 ↓ (X × W1) and F2 ∈F2 ↓
(X × W2) such that F1 ∩ (X × {y1}) = M1 and F2 ∩ (X × {y2}) = M2, respectively. There exist G1 ∈ F1 and G2 ∈ F2 such
that G1 ⊆ F1 ∩ (X × W1) and G2 ⊆ F2 ∩ (X × W2). Since G1 ∪ G2 ∈ E , there is a C ∈ C such that C × {y1, y2} ⊆ G1 ∪ G2.
Since G1 ∩ (X × {y2}) = ∅ and G2 ∩ (X × {y1}) = ∅, C × {y1} ⊆ G1 and C × {y2} ⊆ G2. So, C × {y1} ⊆ G1 ∩ (X × {y1}) ⊆
F1 ∩ (X × {y1}) = M1. Similarly, C × {y2} ⊆ M2. So, C ⊆ N1 ∩ N2. Thus, N1 ∨N2 ⊆ C . Letting N =N1 ∩N2, we have that N
is compact and N ∨N ⊆ C . Therefore, X is infraconsonant.
10. Proof of Theorem 12
Suppose X is compact family splittable. Let U , V ⊆ X be open. Let A be a compact family of open sets such that⋃
(U , V ) ∈ A. Since U ∪ V ∈ A and X is compact family splittable, there exist compact families C1 and C2 such that
U ∈ C1, V ∈ C2, and C1 ∩ C2 ⊆A. It is easy to check that C1 × C2 is an open neighborhood of (U , V ). Finally, notice that⋃
(C1 × C2) = C1 ∩ C2 ⊆A. Thus, ⋃ is continuous.
Suppose
⋃
is continuous. Let A be a compact family of open sets and U , V be open sets such that ⋃(U , V ) ∈ A.
By continuity of
⋃
, there exist compact families E and D such that U ∈ E , V ∈ D, and ⋃(E × D) ⊆ A. So, E ∩ D =⋃
(E ×D) ⊆A. Thus, X is compact family splittable.
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